Having shown elsewhere [1] that the Klein paradox for the Klein-Gordon (KG) equation of spin-zero particle manifests exactly the same kind of wave propagation and negative refraction phenomena, which also exist in the scattering of TM (transverse-magnetic) -polarized electromagnetic (EM) wave incident on a left handed medium (LHM), we show in this paper that it is possible to simulate the Klein paradox, using this peculiar feature of LHMs. Real time control and processing of certain quantum systems, involving controlled pair production rate and distribution, among others, could be achieved by this optoelectronic simulator using appropriate transformations and approximations.
INTRODUCTION
In 1968, Veselago [2] demonstrated that the refractive index (n) of materials should be negative when permittivity (ε) and permeability (µ) are simultaneously negative. In his paper, Veselago called such materials left-handed materials (LHMs) and treated them purely formally, since no such materials had been discovered or created at that time. Nonetheless, he gave a number of arguments about how one should look for such materials. He pointed out that the Doppler effect, Cerenkov radiation, and even Snell's law are inverted. He also considered some questions related with the physical realization of materials with ε < 0 and µ < 0. His work undoubtedly raised interest in the phenomena of LHMs.
It has been recently demonstrated that an effective LHM, which consists of periodic array of split ring resonators (SRRs) and continous wires manifests n < 0 for a certain frequency region in the microwave regime, which then leads to anomalous electromagnetic wave propagation [3] [4] . An experimental verification of a negative index has been established by R. A. Shelby et al [5] .
Subsequently, we have observed [1] that there is a situation in relativistic quantum theory that also results in similar anomalous wave propagation. The interaction of a relativistic quantum particle with a strong step potential displays a peculiar phenomenon, known as the Klein paradox. One interesting outcome of the paradox is classically forbidden transmission through strong potential barrier, where the height of the barrier is larger than the total energy of the incident particle. Furthermore, negative transmittance is compensated by the reflectance exceeding unity to conserve the probability. This is the essence of the Klein paradox. The paradox is resolved by employing the notion of particle-antiparticle pair production due to the strong potential. The antiparticles create a negative charged current moving away from the interface, while the particles are reflected and combined with the incident beam leading to a positively charged current moving towards the interface. As a result of this fact, group and phase velocities in the potential step become antiparallel, which results in negative refraction in two dimensions [1] , analogous to the peculiar refraction phenomenon in LHMs. It is this effect which motivates us to propose the simulator described below. In this work, we show that the spatial profile of the antiparticle wavefunction (or probability density) in the Klein potential could be reproduced in LHM using a TM-polarized electric field in the form of an electric field (or intensity) distribution. We then explain how LHMs could be exploited to simulate systems in which the Klein paradox manifests itself.
THEORY
Following suggestions in Refs [3, [6] [7] [8] about wave propagation in LHMs, we assume the geometry shown in Fig. 1 in order to study the wave refraction at the interface between two semi-infinite layers of optical media. We consider causal plasmonic forms [7] for ε and µ, which lead to the refractive index for the LHM given by
where ω p is the plasma frequency. We assume the incident electric field to be a plane wave and linearly polarized along the y-axis. It can be shown by the phase matching condition and causality for the refracted wave that we have
σ = +1 for the positive index medium and -1 for the NIM (or LHM) [6] . From the definition of group velocity for isotropic, low loss materials, the refracted beam has group velocity and reflected (K K ') counterparts. The wave vector shown dark grey is not allowed due to the causality and phase matching conditions at the interface [1] . The light grey arrows show the directions of group (V g ) and phase (V p ) velocities, which are antiparallel. The angle between K K and the normal to the interface is θ i .
where c is the light speed and n g is the group index, which is by causality always greater than unity [6] . Thus the group velocity is always antiparallel to the phase velocity of the refracted wave for σ = -1. Since the time-averaged energy flux <S> = <u>ν ν ν ν g [7] , where <u> is the timeaveraged energy density, it is clear from Eqns. (2) and (3) and by causality that the incident wave should undergo negative refraction. Now, we turn our attention to the Klein paradox. Although the non-relativistic scattering of a quantum particle is a straightforward problem, the relativistic case displays a quite peculiar phenomenon called the Klein Paradox [9] . Elsewhere [1] we analyze the scattering of a particle from a step potential in two dimensions and derive some of the associated peculiarities, which include transmission through a strong potential barrier, pair production, negative transmission, as well as negative refraction.
Our analysis is for a spin-0 particle, whose dynamics are governed by the Klein-Gordon equation,
where m is the mass of the particle. A particle confined to the xz-plane
is incident on a potential barrier at angle θ i from the normal to the interface. The potential V(r) vanishes on the incident side and is forms a step, with V(r) = V for z > 0. We have shown under these circumstances [1] that the Klein paradox for the Klein-Gordon equation of spin-zero particle manifests exactly the same kind of wave propagation and negative refraction phenomena which also exist in the scattering of transverse-magnetic polarized electromagnetic wave incident on a left handed medium (see Fig. 1b ).
METHOD
Having compared the two problems, we realize that they both have reversed group and phase velocity and manifest negative refraction. Moreover, we have the mathematical expressions above, which connect these two problems, and suggest that one might simulate the other. The question we would like to address now is how to simulate the Klein paradox using LHMs? Although this is possible under many different transformations, here, we only consider the following transformation to simulate the Klein paradox. To be more precise in some results or to solve other specific problems, similar but different transformations based on the same argument could also be applied.
We match the input and output (I/O) in the LHM case to the I/O of the Klein case, respectively, which basically includes the dispersion relation and the phase velocity. This leads to the transformation given by
where n is given by Eqn. (1) . These arrows should be understood as follows: The left-hand side gives us the physical properties in Klein problem, in terms of the physical properties of the
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LHM. This transformation, however, is correct only in the high-energy limit of mc 2 → 0 and |V g | → c, independent of any group refractive index.
A wave with angular frequency ω incident on an LHM results in exactly the same kind of wave propagation and refraction as that of its equivalent Klein counterpart, which is characterised by the transformations (5) and (6) . Since the corresponding parameters (E, V, etc.) are on the order of the energy of a typical photon, they have to be scaled up to describe the Klein system with higher energies. Thus, having obtained the power transmission and reflection coefficients for the LHM, it is a simple matter to find the equivalent pair production probabilities regardless of any scaling factor, since these coefficients are invariant under such scaling.
From the experimental point of view, once we obtain the power coefficients for LHM, their Klein counterparts can be found from
s and a are defined as
Note that these ratios depend only on the applied frequency and incidence angle. This is remarkable for the physical realization of such a simulator. Our proposed hardware implementation of this simulator is illustrated at large scale in Fig.  2 . (More detailed architecture design issues are beyond the scope of this paper.) Since the reflection coefficient in the Klein paradox is bigger than one, normally it is not possible to obtain such a reflection coefficient using LHM. This problem can be overcome, however, by using an amplitude modulator (AM) in the first block in Fig. 2 . AM, which is also driven by a MEMS actuator, modulates the input signal between a peak and minimum value in the form of a square wave. Thus the intensity of the input signal is modulated between I 0 R(ω,θ i ) and I 0 T(ω,θ i ) in a square wave manner where I 0 is a constant. If the modulation period is T m , half of the period the transmitter sends a signal with intensity I 0 T(ω,θ i ) which results in exactly the same spatial pattern in the LHM as that of antiparticles under the Klein potential, and half of the period it sends a signal which results in reflection greater than one and exactly same spatial pattern as that of the reflected particles due to the Klein step. Since we have divided T m into two time slots, the sampling time and response speed for the detectors are important.
RESULTS AND CONCLUSION
After the modulation the problem is ready to be simulated by the LHM, whence its output is detected by the pixel arrays in the blue block and post-processed by means of analog to digital converters (A/D) and logic circuit to get the output shown in Fig. 3 .
The essential point to note in this operation is that although some digital operations take place, the problem is indeed solved by the LHM. More complicated scenarios under these (or other) transformations with (or without) some approximations may also be possible. The simulations above could also be performed by positive index materials (PIMs). This would, however, require additional circuitry and logic operations. One drawback of the NIM simulation, on the other hand, is a dynamic range problem. For more complex problems, alternative types of NIMs with larger dynamic range would be desirable. Photonic crystals are a more promising technology for creating such NIMs.
Comparing the cost for a typical high energy physics experiment to that of the optoelectronics experiment, such a processor would be priceless provided that the above transformations are extended and/or shaped according to the need. In this paper, we do not consider how to simulate a specific relativistic quantum field theory scenario, but rather present a basic approach for using LHMs to simulate a general class of problems, some of which have (or might have) arisen in connection with the Klein paradox. This kind of simulating device, performing operations based on the mathematical connection between these two systems, could also be helpful in controlling some related quantum processes in real time, such as controlling pair production rate, distribution, etc.
In conclusion, having shown elsewhere [1] that the Klein paradox for the spin-0 KG equation exhibits exactly the same peculiar wave propagation and refraction as occur for a TMpolarized electromagnetic wave incident on an LHM, in this paper we have explained how to simulate the Klein paradox and related problems, as well as discussed possible applications of doing so, using the remarkable properties of LHMs. Our work also highlights an approach to optical computing based on the wave-particle duality in nature. Such optical devices and phenomena could be analog processors and motivating guides for the quantum world, since optical experiments are in general easier and cheaper to realize physically than high energy physics experiments. LHMs and photonic band gap (PBG) materials, which are sometimes called artificial semiconductors for light, are only two kinds of fruits among others harvested from this fertile optics-quantum field. ., which is obtained simply by setting µ = 1. In this equivalent problem, the center energy of the wavepacket is 20.7 µeV and the height of the potential barrier is 70.63 µeV. For the same incidence angle of π/6, the corresponding transmittance T K and reflectance R K are -3.66 and 4.66, respectively. Grey-scale show the probability density at the same random time with (a). Here also interference fringes occur near the interface between the incident (bottom left) and reflected (top left) wavepackets.
